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Abstract: We develop and test a multistate Gaussian model for the distribution of electrostatic solvation energies of
a solute in liquid water. The multistate Gaussian model depends on the discovery of simple indicators of structural
substates that individually display Gaussian fluctuations of electrostatic interactions. The probability distribution of
electrostatic interactions is then modeled as a superposition of Gaussian distributions of electrostatic interactions of
the substates. We find that the number of hydrogen bonds to the solute is a suitable substate indicator that eliminates
the chief failures of single Gaussian models for the distribution of electrostatic interactions and of quadratic models
of the electrostatic contribution to the excess chemical potential. These results should improve calculations of ionic
chemical processes in watée., acid—base chemistry, in particular those involving organic acids such as proteins
and nucleic acids. The multistate Gaussian approach provides a specific and effective alternative to commonly
discussed electrostriction and dielectric saturation modifications of dielectric continuum models. Moreover, the
representation of complex energy distributions by a sum of simpler distributions based on structural substates is
general and should be applicable in a variety of thermodynamic problems of solution chemistry.

Introduction the Born continuum model of ionic solvatiénBut higher order
) ) ) ) ) (up to eighth order) perturbation theory is required to capture

Dlelect_nc continuum models® domlngte our understanding fully the electrostatic hydration free energy of a water molecule
of hydratllon of ionic and polar solutes in Wgter. Thege models i, liquid water? A physical conclusion from such results is
are physically simple and have been extensively stutligtiey that electrostatic hydrogen bonding interactions are difficult
may be derived from basic starting points by taking a macro- c4ses for dielectric continuum theories because the charges
scopic limit in which most solvent molecular details vanish. i qved are relatively accessible. Even for classic atomic ions
Alternatively, dielectric models might be viewed as simplified i, \yater significant violations of linear response expectations
implementations of second-order thermodynamic perturbation .5n pe observed for modest ionic charges: if the ion charge

theory, or a Gaussian distribution model, for sotuelvent i manipulated through the regiapr: —0.2 e, the structure of
electrostatic interaction’s.These molecular views of dielectric the first solvation shell makes a transition that is reflected in a

continuum models avoid and thus resolve the most seriousgnjinear change of the solvation potentiakimk, with change
limitation of dielectric models, namely, the definition of solute ¢ ionic chargé?

cavities on the basis of radii parameters. Those parameters . . . . .

should depend on temperature, pressure, composition of the Aphygcgl picture that IS _con3|stent W'th the knowq successes
solvent, and configuration of the solute. However, comparisons :Sﬂclﬁ?ga;‘o?hse ?ifrs(tjlflledcrtz:t(i:orrrggz:ls iésnggzt E(;:O;\Irltr;%t T_Ik_]ﬁe
of computed solvation free energies with experiment over a structure of that first hydration shell can be vie\?ved frdm the
limited range of conditions suggest that dielectric models can y

be helpfully accurate and that the values determined empirically ggtsézfoCt'¥ﬁe%feS§:|éngii:xﬁgfrer:greregésiggcé?ﬁra%rnzﬁb{or
for radii parameters are chemically reasonable. Dielectric : P 9y

conditions lead to changes in the correlations between near, . y . Y ay
solvent molecules. basin, then a Gaussian model for thermal fluctuations would

. . be reasonable. Empirical radii parameters reflect the charac-
When tested on a molecular scale without the additional P P

di f radii it b I hat dielectri del teristics of the most important basin. However, changing
adjustment of radil, it becomes clear that dielectric models ;g qitiong may result in reweighting of slightly accessible basins
capture an essential basic ingredient of the solvation theory but

. or the opening of new basins. The Gaussian or dielectric models
are often not molecularly accurate. For instance, the free

. ) . - " ) may fail to describe these possibilities well. We note that this
energies of ions in aqueous solution exhibit an approximately

dratic d d the ionic ch ; X ,thpicture is physically more definite than the commonly nonspe-
quadratic dependence on the lonic charge, In agreement With ;. 4iscussions of electrostriction and dielectric saturation.
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as would be the case upon inclusion of higher order perturbative weighted combination of states will reproduce the behavior of the
corrections, we discriminate hydration structure on the basis of overall system,
simple parameters diagnostic of hydration substates. We assume

that the probability distribution of electrostatic potential energies
is Gaussian for each substate. Therefore the full distribution is

P = wip,(u) @

a superposition of Gaussians for the various substates. We show

that identification of suitable substate diagnostic parameters canwith weightsws

be simpleg.g.,they can be the number of hydrogen bonds made
to the solute, and no explicit calculation of inherent structures
is required. We show further that this approach can be highly

accurate, eliminating some of the detailed numerical inaccuracies

of the Gaussian fluctuation models.

Multistate Gaussian Model

The technical development begins from the fundamental relation
between the distributiop(u; A = 0) of electrostatic energiasin the
reference charge state= 0 and the part of the chemical potential due
to electrostatic interaction®\u(4), which is the thermodynamic
parameter sought,

g Pl) = ghh_ = f du p(u; 2 = 0)e PM (1)
Here, = 1/kgT is the inverse temperature and(, denotes a thermal
average in the reference state= 0. Direct use of eq 1 has recognized
limitations. Thoughp(u) is often substantially Gaussiaiand that
supports perturbation theory approximatioitke formula eq 1 is
sensitive to the tails of(u). That limits the applicability of eq 1 for
calculations of even small changes in the charge dtatin addition,
the simple estimator [B#"[]_, ~ In[M~13 e#] from M energies

u; observed in a simulation is highly biased for wide distributipt§
and requires extremely large numbé#s'

> 0, YW, = 1 and normalized densitigs(u) = 0,

Jdu py(u) = 1. For electrostatic systems, we will sepku)’s of
Gaussian form, representing the overall system as a linear combination
of Gaussian subsystems, each showing linear response to electrostatic
interactions. A natural, nonunique choice of the stétgsis sorting
with respect to the number and type of neighboring solvent
moleculeg®2227 This is based on the assumption that for each number
of neighboring molecules the dielectric response of the solvent will be
approximately linear, whereas the characteristics of that linear response
may vary considerably between solute states with different numbers
of neighbors.

Representing(u) by a sum of Gaussian densities can give nontrivial
results for the chemical potential, as can be seen by substituting eq 2
into eq 1,

Aud)=—F7HIn Sy we Pz 3)
n

where m, and 0,2 are the mean and variance of the Gausgian
respectively.

Results and Discussion

(a) Hydration of Water. We will now explore the validity
of a multistate Gaussian model, considering two test cases: (a)
the uncharging of a water molecule in water and (b) the charging
of an ion in water. Accurate reference data are available for

Methods that have been advanced to overcome those difficulties both systems. In the case of uncharging water, we performed

include perturbation expansiofig:12-18 But direct extension of

perturbation theory beyond fourth order has been impractical. In
contrast to perturbation expansions, interpolative approximations
polynomial inA have been more successful. For the charging of water

and ions in water, expansions to order six and higher were necessary

to account for the simulation dat@® Thus, perturbation theory would

a Monte Carlo (MC) simulation of 512 SPC water molectiles
using Ewald-summation electrostafitat a temperature of 298

K and a density ofo = 0.99707 g/crd (see ref 9 for further
details). The electrostatic interaction energiesf each water
molecule (solute) with all other water molecules (solvent) were

be unsatisfactory in such cases and additional calculations would becalculated for 8000 configurations taken from 400 000 MC

required. For atomic ions, a kink was observed fawu@)/dl as a
function of chargel. A different methodological approach was
developed many years ago by Wheeler and Gdfdonutilizing power
moments op(u) to model averages such as eq 1. That approach could
be expected here to be of value for modeling the chemical potential
Au(A) but has the disadvantage that direct examinatiop(of would

not be informative unlesmanymoments were available. In the present
examples, it is typically impractical to calculate more than about four
moments.

On a broader level, however, the idea of modeling the distribution
p(u), perhaps including physical intuition in addition to the information
available, is sure to be useful. This point of view has recently been
helpful in understanding and computing hydrophobic efféctsand
in extending thermodynamic perturbation theory calculatfér.

Here, we will attempt to represent the observed complicated
properties ofp(u) considering a combination of simpler states. We
attempt to find state§n} with simple densitieg,(u) such that the
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3 0t b | states, where the partial charges are varied linearly #vithhe solid
Y curve shows the result of expanding abdut 0 by adding Gaussian
5 probability densities fon = 1 to 6 neighbor atoms. The dashed curve
107 r Y i is the result of using a single Gaussian probability density. As a
A e ————— 5 reference, the polynomial approximation of order eight to the chemical
108 | 1. .-40 20 0 120 40 60 ’80 7 potential Au(1) from ref 9 is shown with a dot-dashed line.
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u/(kdmolt) a single Gaussian and from the sum over Gaussian probability

) . . . densities for neighborst = 1 to 6. The single-Gaussian
Figure 1. Probability density of the electrostatic enengyf a water imati i behavi b d e
molecule in water on a logarithmic scale (bottom panel). The square approximation gives poor behavior, as observed previ Y

symbols show histogram data. The dashed line is the Gaussian@Nd deviates from the reference curve for 0.25 already.
probability density with estimated mean and variance. The solid line However, the chemical potential calculated from a weighted

is the result of adding Gaussian probability densitiesrfer 1 to 6 sum of Gaussian probability distributions deviates only for large
neighbor atoms, as defined by an OH distance of 0.24 nm. Note that perturbationsA > 0.8. The chemical-potential difference

for this definition ofu as the electrostatic interaction energy of the petween a charged and an uncharged water molecule is accurate
solute water molecule with the solvent, we have to change the sign of {5 within 5%. This is a surprising result, because(l) is

“ r':' ?qil 1 and g'bThﬁre.fore' tﬂe upper tailpgt) 'ﬁ m.OSt.'m.E;’.ortarl‘t' nonquadratic, requiring an eighth-order polynomial to fit the
This s illustrated by the inset showifgt) exp(iu) that is significantly simulation data for chemical-potential derivati¥é€s® It shows

larger than zero in a region from abotuB0 to 60 kJ mot!, where that for | turbati . Vi h f th
essentially no histogram data are available. (The multistate Gaussian'&l €V€N 1or large perturbations involving changes of the

model is used fop(u).) The top panel shows the substate contributions Chem?cal pOt?mial _Of abOUt. k4T the energy diSt_ribUtio'FD(U) _
Wh Pa(U) for n = 1 to 6 neighboring molecules as symbols together contains sufficient information, and that a multistate Gaussian

with the corresponding Gaussian approximations (lines). Gaussians withtheory is an accurate way of extracting that information to
different mean valuesy, and variances,? are excellent approximations  calculate chemical potential differences.
to the substate distributions of electrostatic energies (b) Hydration of lons. The second system used to inves-
- . ) tigate the applicability of a multistate Gaussian theory is that

The "neighborhood” of a water molecule can be defined by ¢ 5 jon in water. We focus on an ion with methane Lennard-
using a hydrogen bonding criterion. We consider two molecules 55,05 naramete?$,as studied previousfy. We carried out a
to be neighboring if any .Of thelr_ oxyg_ef_hydrogen d|stance_s MC simulation of an uncharged methane particle Me in 128
IS be'o"Y 0.24 nm, which is the f|r§t minimum in the OH pair- - gpe \yater molecules at 298 K (see ref 8 for details), analyzing
correlation function. For that criterion, we find an average 100 000 configurations taken from AMC passes. Figure 3

. X 3 )

number of neighbors of 3.64 with, > 10 for 1 =< n < 6 shows the probability density of the electrostatic enengyf

andn = 4 being the most probable number of neighbors. We - :

. ; . S charging that particle from zero charge to the elementary charge
calculateq the probaplllty density of gnergm,ﬁu) by blnnlng. e. p(u) is approximately Gaussian at the resolution available
the energiesi of a particular molecule in histograms according for this system

to the numben of its neighbors. The meam, and variance L . ., ,

02 of those probability densities give the Gaussian approxima- 1€ definition of “neighborhood” of a solvent molecule is

tions pu(U) = (27021 exp[-(u — M%20,:2]. The weighted somewhat more difficult for an uncharged solute than for water
because the first peaks in the soluteater pair-correlation

sum of those Gaussian densitiiﬁﬁlwnpn(u), is an excellent . ) )
approximation to the probability densipfu), as shown in Figure functions (for O and H) are broad. We decided to consider a

1. In particular, the tails of the distribution are better represented Water molecule as neighboring if either of the two Me
than in the simple approximation by one Gaussian. This is distances was below 0.32 nm (where the-Mtepair correlation
important because in the average eq 1, the tails dominate dudunction reaches a value of one for the first time). That stringent
to the Boltzmann factor. As illustrated in Figure 1 (top panel), criterion results in an average number of neighboring solvent

Gaussians are indeed excellent approximations to the individuaimelecules of 2.24 with weights, > 107*for 0 < n < 7. The |
energy distributionsn(u) for different numbers of neighbors ~ Weighted sum of Gaussian probability distributions according
n to that criterion gives g(u) distribution that is positively

This is even more evident in the calculated change of the Skewed, but otherwise close to the single-Gaussian approxima-
chemical potential upon change of the charge state of a solutetion. Alt_erna_tlve criteria could also involve the oxygen position
water molecule. The statds= 0 and 1 correspond to a fully  ©F the directionality of the hydrogen bond.
charged and uncharged solute water molecule, where the partiat (33) Rick, 5. W.. Beme, B. 11, Am. Chem. S0d994 116, 3949,

charges of that molecule are varied linearly with In Figure (34) Jorgensen, W. L.; Madura, J. D.; Swenson, Q. Am. Chem. Soc.
2, we compare the chemical-potential change calculated from 1984 106, 6638.
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Figure 3. Probability density of the electrostatic energgf a methane- "-3

size ion in water on a logarithmic scale, determined from a simulation I 800 %
of an uncharged ion in water (bottom panel). The dashed line is the 3
Gaussian probability density with estimated mean and variance. The
solid line is the result of adding Gaussian probability densities fer =
0 to 7 neighbor atoms, as defined by an-diydrogen distance of '
0.32 nm. The inset showg(u) exp@u), scaled appropriately for
negative and positive ions to fit on the same graph. (The multistate
Gaussian model is used fpfu).) The two curves are significantly larger .
than zero below about200 and above 350 kJ md| respectively, in ql/e
regions far from where histogram data have been collected. The top
panel shows the substate contributions py(u) for n = 0 to 7
neighboring water molecules as symbols together with the correspond-
ing Gaussian approximations (lines). As for water (Figure 1), Gaussians
are excellent approximations to the substate distributions of electrostatic
energiesu.

Figure 4. Chemical potential and its derivatives with respect to charge
of a methane-size ion in water as a function of its charge statde
chemical potential (top) and its first (middle) and second derivative
(bottom) with respect to the chargge are shown. The results of a
single Gaussian and of adding Gaussian probability densities for
0 to 7 neighbor molecules are shown with dashed and solid lines,
) . . ) . respectively. For reference, the polynomial approximafigof order

The chemical potential of charging the methane-sized particle eight (dot-dashed line) as well as simulation data for the first and second
from O to e is shown in Figure 4 along with the first and derivative from simulations of charged ions aNd= 128 (plus) and
second derivative with respect to the dimensionless charge 256 (square) water molecules are shown, taken from ref 8.
g/e. The multistate Gaussian theory results in a qualitative
improvement over a single-Gaussian approximation, with both sented. Consideration of the fully charged states of the ions
the anion and cation chemical potentials in better agreementshould further increase the accuracy, in part because the problem
with the reference data from ref 8. However, quantitative of extrapolating from an uncharged reference state would then
agreement with the reference data is observed only for the cationbecome a problem of interpolating between two states, which
data for the chemical potential and its derivatives. For the anion, is generally simplef. Moreover, the separation into well-defined
the agreement is only qualitative. The first derivativeAgf, substates would be simplified because of the more ordered
i.e, the average potential at the ion position, is curved upwards, structure in the first hydration layer of a charged ion compared
but the kink atq ~ —0.2 e is weaker than in the simulation t0 an uncharged, spherical Lennard-Jones particle. Substate
data. criteria could again be the number of hydrogen bonds or the

These discrepancies might be understood in part from the Number of solvent molecules in the first hydration layer.
increased statistical errors of the ion data compared to the watefNevertheless, the multistate Gaussian model can give correct
case where every water molecule could be treated individually indication of the changes when going from positive to negative
as a solute resulting in great sampling thoroughness. But theiOnic charges. This multistate Gaussian model suggests the two
primary causes are the structural differences in the first hydration different quadratic regimes of the chemical potential for anions
layer between the uncharged particle and the anion. The first@nd cations.
peak of the anionhydrogen pair-correlation function is in a
region where the corresponding correlation for the uncharge
particle is zerd. As a consequence, none of the configurations ~ We found quantitative agreement between the multistate
representative of anionic hydration are observed in the simula- Gaussian model and reference data for uncharging of a water
tion of the uncharged Me particle. It may be possible to find molecule in water and for charging a cation and qualitative
a better reference system than the uncharged solute or a betteagreement for charging an anion in water. The multistate
indicator of significant structural substates. A negative charge Gaussian model produces the correct nonlinear behavior directly
stateq ~ —0.2 e, for instance, should be a better reference statefrom the systematic decomposition of the electrostatic energy
because the anionic hydration structure would be better repre-distributions into a sum of Gaussians based on structural

d Conclusions
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substates. The observed agreement is not the consequence dions for each ionizable group. That effort can be greatly
a numerical fit. These results are encouraging in several ways.reduced if accurate free energies of protonation can be calculated
(1) They indicate that we can indeed find simple criteria from a small number of equilibrium simulations. Equilibrium
identifying a small set of states, each exhibiting approximately simulations have the great advantage that one can extract
linear response, with the whole producing a nonlinear result additional structural, dynamic, and energetic information. The
for the system thermodynamics. This has implications regarding accuracy of such an analysis should increase considerably if
the development of improved dielectric continuum models that e multistate Gaussian model is used.

contain molecular information about the solve#t. A weighted
mixture of a few continuum-dielectric systems can give the
complicated behavior stemming from nonlinear dielectric
response. This is a specific and effective alternative to the ideas

The problem of multiple protonation sites could be treated
more reliably without simulation of each of the possible charge
states if an accurate extrapolation method such as the multistatate

of electrostriction and dielectric saturation for these problems, Saussian theory is used. That analysis would then eliminate a
(2) On the practical side, the multistate Gaussian model proVidesnumber of energetically unfavorable prqtonatlon states such that
a way of maximizing the use of data of a single simulation for only th_e releyant states need_ to be considered for amore de_talled
the calculation of free energies. As shown in the water case, @nalysis. High accuracy will in general require interpolation
large energetic perturbations can be manageable with thisbetween at least two reference statesg( charged and
approach. (3) A decomposition of a complicated probability uUncharged), because extrapolation from one state alone is
density into a weighted sum of simpler ones is a general concept.difficult when the free energy changes by several hundred
A possible area of application includes glasses and amorphouskilojoules per molé.

materials, where one expects considerable differences of the A multistate Gaussian analyis of amino acid protonation states
energy distributions of a particle depending upon its local might require sorting of configurations according to the changes
environment, but where the probability densities should be jn the local environment of the ionizable group. For instance,
simpler when sorted according to coordination numbers. For the properties should be different if another amino acid side
instance, Sciortino, Geiger, and Starffeynvestigated the  chain of protein is interacting directly with the group under
correlation of the diffusivity of water molecules with binding  ;qnsjgeration during parts of the simulation. This suggests a
energies and coordination numbers in quenched configurations 5 «sification of states based on the number and type of
of water, interacting amino acids, where each state can exhibit ap-

ofAs i%i?;;:)lﬁrga'tr:efgersgp(ﬁe?;iaa%f daﬁﬁgl(ﬁctzlO;cilgs:[heD?glzlgtsrilcS; proximately Gaussian statistics of electrostatic energy fluctuations.

continuum models with empirical atomic radii and dielectric JA971148U
constants are used with some success for the calculatidgof p

values of ionizable grougs.Recently, advances were made in g% pwarshel, A\; Sussman, F.; King, g‘ii‘iclgeg‘é%ﬂ%ﬁ 25, 8368.
X e erz, K. M.J. Am. Chem. So .
calculating [Ka values of ionizable groups from computer (38) Del Buono, G. S.; Figueirido, F. E.; Levy, R. Mroteins Struct.

simulations?6-4° However, that analysis is still awkward and  Funct. Genet1994 20, 85.

tedious, often involving several independent free-energy simula- ~ (39) Saito, M.J. Phys. Chem1995 99, 17043.
(40) Figueirido, F.; Del Buono, G. S.; Levy, R. N.. Phys. Chen1996
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